Abstract: Let ( ) ≥0 be the Lucas sequence. D. Marques and A. Togbé [7] showed that if . . . + −1 is a repdigit with at least two digits, then ( , ) = (1, 10), where ( ) ≥0 is the Fibonacci sequence. In this paper, we solve the equation
Introduction
Let ( ) ≥0 be the Fibonacci sequence given by the relation = −1 + −2 , for ≥ 2 and with 0 = 0, 1 = 1. Its companion sequence is known as Lucas sequence ( ) ≥0 that satisfies the same relation with Fibonacci sequence together with the initial conditions 0 = 2 and 1 = 1. These numbers have very amazing properties (for see details, we refer the book of Koshy [3] ).
Finding special properties in these sequences is a very interesting problem. The most famous one is given by Bugeaud et al. [1] as that the only perfect powers in Fibonacci sequence are 0, 1, 8 and 144. Luca and Shorey [6] proved that product of consecutive Fibonacci numbers is not a perfect power of exponent larger than one of an integer except the trivial case 1 2 = 1.
If a positive integer has only one distinct digit in its decimal expansion, then we call it "repdigit". Obviously, such a number has the form (10 − 1) /9, for some ≥ 1 and 1 ≤ ≤ 9. It is natural to ask, which numbers are repdigits in Fibonacci and Lucas sequences? This question was answered by Luca [5] in 2000 by showing that 55 is the largest repdigit Fibonacci number and 11 is the largest repdigit Lucas number. Recently, Marques and Togbé [7] proved the following result. Theorem 1. The only solution of the Diophantine equation
in positive integers , , , , with 1 ≤ ≤ 9 and > 1 is ( , , , ) = (10, 1, 2, 5).
For the proof of the above theorem, they used mathematical induction, Fibonacci recurrence pattern, congruence properties, etc. But, the main point of their proof is the identity 5| 5 ( ≥ 0).
The aim of this paper is to study a similar problem but in the case of Lucas numbers. Our main result is as follows.
Theorem 2. The quadruple ( , , , ) = (4, 2, 2, 7) is the only solution of the Diophantine equation
for some ≥ 1, ≥ 2 and 1 ≤ ≤ 9 being integers.
In order to solve the equation, we use the definition of -adic order of an integer, linear forms in logarithms à la Baker, and congruence properties.
Auxiliary results
The -adic order of is the exponent of the highest power of a prime which divides . We denote it by ( ). Now, we recall a result of Lengyel [4] on the 2-adic order of a Lucas number.
The Binet formula for a Lucas number is
where (> 1) and (< 1) are the roots of the characteristic equation
Since we use Baker method for our proof, we give two lemmata due to Matveev [8] (and Theorem 9.4 of [1] ), Dujella and Pethö [2] . It is well-known that the logarithmic height of an algebraic number is defined as
where is the degree of over Q and
are the conjugates of over Q, and 0 is the leading coefficient of the irreducible polynomial of . Lemma 2. Let K be a number field of degree over Q, 1 , 2 , . . . , be positive real numbers of K, and 1 , 2 , . . . , nonzero rational integers. Put
and
Let 1 , . . . , be positive real numbers such that
Then, assuming that Λ ̸ = 0, we have
Lemma 3. Suppose that is a positive integer. Let / be a convergent of the continued fraction expansion of the irrational number such that > 6 and =‖ ‖ − ‖ ‖, where is a real number and ‖ · ‖ denotes the distance from the nearest integer. If > 0, then there is no solution to the inequality 0 < − + < − in positive integers and with log( / ) log ≤ < .
3 Proof of Theorem 2
The congruence method
If = 2, then we get the solution
Assume that ≥ 9 and ≥ 4. Then, we have
Since 2 (︀ (︀ 10 −1
9
)︀)︀ ≤ 3, for 1 ≤ ≤ 9 an integer, then it yields an absurdity. So it follows that ≤ 8.
If (2), then we have the several possible equations. We give the following tables containing the results obtained after taking the left and the right sides of equation (2) modulo . As an example, it is obvious to see that 6 6 +1 ≡ 2 (mod 5). Namely, { } ≥0 has period 4 modulo 5 with the period being 2, 1, 3, 4. Since 6 is even, it follows that either 6 is a multiple of 4, so then the two consecutive Lucas numbers are at the beginning of the period, namely the residues 2, 1 with 2 · 1 ≡ 2 (mod 5), or 6 ≡ 2 (mod 4), in which case the Lucas numbers are the last two, namely the residues 3, 4 with 3 · 4 ≡ 2 (mod 5).
It is obvious that 6
10 −1 9 ≡ 1 (mod 5). Therefore, we arrive at a contradiction. Since the other cases can be proved by induction, we omit them. The sign † means a contradiction.
• Suppose that ≡ 0 (mod 6). • Now, assume that ≡ 3 (mod 6). Then, we get following table.
From all the tables, we see that the equation (10 − 1) is possible if ≡ 4 (mod 6). We solve this equation in the next subsection by Baker's method. In this subsection, we prove that the equation 
The equation
has no solution with positive integers and ≥ 3. Combining the Binet formula for Lucas numbers with the fact +1 +2 = 3 +3 + (−1) 2 +1 , we get
Thus, we obtain
Let Λ := 2 3 −(3 +3) 10 − 1.
In order to apply Lemma 2, we take For this choice, we have = 2, = 3, = 3 + 3, 1 := 0.16, 2 := 0.5, and 3 := 2.31. As , 10, and 2/3 are multiplicatively independent, we have Λ ̸ = 0. We combine Lemma 2 and the inequality (5) to obtain exp ( (1 + log (3 + 3))) < |Λ| < 6
where := −1.4 · 30 6 · 3 4.5 · 4 (1 + log 2) · 0.16 · 0.5 · 2.31. Inequality (6) yields that < 5.87 · 10 12 .
By the estimates for Lucas numbers given by (3) and equation (4), we have 10 < 3 +6 and
.
Let := log 10 − (3 + 3) log + log 2 3 . Thus,
holds. It is obvious that ̸ = 0. If > 0, then
Otherwise ( < 0), we get
where we use the fact |1 − | < .
Dividing by 3 log , we get | − + | < 102 · (4.6) − .
with := log 10 3 log and := log( This completes the proof of Theorem 2.
